Abstract. In this paper the Hamiltonian of quantum electrodynamics with spatial cutoffs is investigated. We define a scaled total Hamiltonian and consider its asymptotic behavior. In the main theorem, it is shown that the scaled total Hamiltonian converges to a self-adjoint operator in the strong resolvent sense, and effective potentials are derived.
Introduction
Quantum electrodynamics (QED) describes the system of Dirac fields coupled to quantized radiation fields. In this paper a scaled QED Hamiltonian is considered. In the main theorem, the effective potentials are obtained by taking a scaling limit of the scaled QED Hamiltonian. Let us define a QED Hamiltonian as an operator on a boson-fermion Fock space. The state space of QED is defined by the boson-fermion Fock space F QED = F Dirac ⊗ F rad , where F Dirac is the fermion Fock space on L 2 (R 3 ; C 4 ) and F rad is the boson Fock space on L 2 (R 3 ; C 2 ). The field operators of the Dirac field and the radiation field are denoted by ψ(x) and A(x), respectively. Here we impose ultraviolet cutoffs on both ψ(x) and A(x). To define a interaction between the Dirac field and the radiation field, we introduce the electromagnetic current :
where ρ(x) = ψ * (x)ψ(x) and J j (x) = ψ * (x)α j ψ(x), j = 1, 2, 3, with α j ∈ M 4 (C) satisfying the canonical anti-commutation relation {α j , α l } = 2δ j,l . In this paper, instead of J(x), we consider the spatially localized electromagnetic current :
where ρ χ (x) = χ(x)ρ(x) and J χ (x) = χ(x)J(x) with a spatial cutoff χ(x). Then the QED Hamiltonian with the spatial cutoff is defined by 
where H Dirac and H rad are the free Hamiltonians of the Dirac field and the radiation field, respectively,
It is seen that under some conditions on ultraviolet cutoffs and spatial cutoffs, H is a self-adjoint operator on F QED in [18] , and the spectral properties of H also has been investigated in [3, 6, 18 ].
Now we consider the scaled QED Hamiltonian defined by
|x − y| dx dy, Λ > 0, (2) and this is the main object in this paper. Historically Davies investigates a scaled Hamiltonian of the form H p + Λκφ (x) + Λ 2 H b in [5] where
2M is a shcrödinger operator, φ (x) is the field operator of the scalar bose field, and H b is the free Hamiltonian. Then an effective Hamiltonian H p + κ 2 V eff (x) is obtained by the scaling limit of the scaled Hamiltonian. This is the so called weak coupling limit. Regarding this scaling limit as exp(−itΛ 2 
, we may say that the weak coupling limit is to take t → ∞, M → ∞ and κ → 0 simultaneously. Roughly speaking it is a long time behavior of the time evolution of the Hamiltonian but with a simultaneous weak coupling limit between a particle and a scalar field. The scaled QED Hamiltonian H(Λ) in (2) is an extended model consided in Davies [5] , and the unitary evolution of H(Λ) is given by
where tΛ 2 is the scaled time and e Λ is the scaled coupling constant. As a remark, H(Λ) is also derived from the transformation a r (k) → Λ a r (k), a * r (k) → Λ a * r (k). In this case, however, the ultraviolet cutoffs are independent of the scaling parameter Λ.
In the main theorem, the asymptotic behavior of H(Λ) as Λ → ∞ is considered. To investigate it, we consider a dressing transformation, which is a unitary transformation, defined in (51). Then by taking the scaling limit of H(Λ) as Λ → ∞, we have
where V eff is a effective potential of the Dirac field given by
△(z) = (λ j,l (z) + λ j,l (−z)) j,l is 3 × 3 matrix with λ j,l (z) defined in (42), and P Ω rad denotes the projection onto the linear subspace spanned by the Fock vacuum Ω rad ∈ F rad . It is noted that V eff is an operator on F Dirac . Thus, by the scaling limit, we see formally that the density of the charge is changed as follows :
There are a lot of results on scaling limits of quantum field Hamiltonians, so far. As is mentioned above, the first rigorous result is obtained by Davies [5] , and he derives N-body Schödinger Hamiltonians with effective potentials from the Hamiltonians of the system of particles interacting with bose fields. Arai [1] considers an abstract scaling limit, and then apply it to a spin-boson model and the non-relativistic QED models in the dipole approximation. For further results on the non-relativistic QED models, refer to [8, 9, 12, 13] . Hiroshima considers the Hamiltonian of a system of particles coupled to Klein-Gordon fields [10, 11] . In these papers, Hiroshima takes the scaling limit of the Hamiltonian, and removes ultraviolet cutoffs simultaneously. Then he derives the Yukawa potential as an effective potential. On the recent research, Suzuki considers generalized spin-boson model [16] and generalized Nelson model [17] , and Ohkubo investigates the so called Dereziński-Gérard model [15] .
This paper is organized as follows. In Section 2, we introduce the Dirac field and the quantized radiation field with ultraviolet cutoffs, and by introducing spatial cutoffs, we define the QED Hamiltonian on the boson-fermion Fock space F QED = F Dirac ⊗ F rad , and state the main theorem. In Section 3, we give the proof of the main theorem.
Definitions and Main Results

Dirac Fields
Let us first define the Dirac field [19] . The state space of the Dirac field is defined by
where ⊗ n a denotes the n-fold anti-symmetric tensor product with
, we denote the annihilation operator by B(ξ ), and for η = t (η 1 , · · · , η 4 ) ∈ L 2 (R 3 ; C 4 ) the creation operator B * (η). The creation operators and annihilation operators satisfy the canonical anti-commutation relations :
where {X ,Y } = XY +Y X . In this paper the inner product (y, x) H on a Hilbert space H is linear in x and antilinear in y. Let Ω Dir = {1, 0, 0, · · · } ∈ F Dirac be the Fock vacuum. The finite particle subspace over N ⊂ L 2 (R 3 ; C 4 ) is defined by
In particular we simply call F fin Dir (L 2 (R 3 ; C 4 )) the finite particle subspace.
Then it is seen that
In this paper we denote the domain of operator X by D(X ). Let A be a self-adjoint operator on L 2 (R 3 ; C 4 ). The second quantization of A is defined by
on the finite particle subspace. Now let us define the Dirac field. The energy of an electron with momentum p is given by
where the constant M > 0 denotes the mass of an electron. The free Hamiltonian of the Dirac field is given by
Let
where α j , j = 1, 2, 3, and β are 4 × 4 matrices satisfying the canonical anti-commutation relations
and s = (s j ) 3 j=1 is the angular momentum of the spin. Let
where χ Dirac is a cutoff function and,
, denote the positive and negative energy part with spin s, respectively, satisfying
and we setṽ l
We suppose the assumption (A.1) below.
(A.1) (Ultraviolet cutoff for the Dirac field)
χ Dirac satisfies that
we see that ψ(
where
Quantized Radiation Fields
Next let us introduce the radiation field quantized in the Coulomb gauge. The Hilbert space for the quantized radiation field is given by
where ⊗ n s denotes the n-fold symmetric tenser product with ⊗ 0 s L 2 (R 3 ; C 2 ) := C. We denote the creation operator on F rad by A * (ξ ), ξ = (ξ 1 , ξ 2 ) ∈ L 2 (R 3 ; C 2 )), and the annihilation operator by
Let Ω rad = {1, 0, 0 · · · } ∈ F rad be the Fock vacuum. The finite particle subspace on D ⊂ F rad is defiend by
For simplicity we call F fin rad (L 2 (R 3 ; C 2 )) the finite particle subspace. The creation operator and the annihilation operator satisfy the canonical commutation relation on the finite particle subspace :
Then it follows that on the finite particle subspace
Let S be a self-adjoint operator on L 2 (R 3 ; C 2 ). The second quantization of S is defined by
It is seen that a r ( f ) and a * r ( f ) are relatively bounded with respect to dΓ b (S) with
for Ψ ∈ D(dΓ b (S) 1/2 ). We also see that
on the finite particle subspace. Let us define the quantized radiation field. The one particle energy of photon with momentum k is given by
Then the free Hamiltonian of the radiation field is given by
where χ rad is a ultraviolet cutoff function and ε r (k) = (ε
It is seen in [4] that any polarization vectors satisfy that
We introduce the following conditions.
(A.2) (Ultraviolet cutoff for the radiation field) χ rad satisfies that χ rad (−k)) = χ rad (k) and
The quantized radiation field A(x) = (A j (x)) 3 j=1 is defined by
where h 
Total Hamiltonian
The total Hilbert space of quantum electrodynamics is defined by
and the free Hamiltonian on F QED by
To define the interaction, we introduce an assumption on the spatial cutoff functions χ :
|χ(x)|dx < ∞ and (ii)
If χ ∈ L 6/5 (R 3 ), the Hardy-Littlewood-Sobolev inequality (e.g. [14] ; 4.3 Theorem) shows that χ satisfies the condition (ii) in (A.3).
Now let us define the interaction. The electromagnetic current is denoted by
rad ) and Φ ∈ F QED . By (22), (13) and (A.3), we see that
By the Riesz representation theorem, there exists a unique vector Ξ Ψ ∈ F QED such that
Let us define the linear operator H ′ I : F QED → F QED by
It is seen from (24) that
We may express H ′ I formally by
In a similar way to H ′ I , let us define the functional ℓ II :
By (13) and (A.3), we see that
|χ(x) χ(y)| |x−y| dxdy. Then by using the Riesz representation theorem again, it is seen that there exists a unique vector ϒ Ψ ∈ F Dirac such that for all Φ ∈ F Dirac ,
Then we can define the linear operator H long : F Dirac → F Dirac by
H long is expressed by formally
Physically H long derives from the longitudinal photons [2] . By (28), it is seen that H long is bounded with
Then the total Hamiltonian is given by
with the coupling constant e ∈ R. On the self-adjointness of H, the following Lemma follows.
Lemma ([18], Lemma 1.1 ) Assume that (A.1)-(A.3) hold.
Then H is self-adjoint on D(H 0 ), and essentially self-adjoint on any core of H 0 and bounded from below.
In particular H is essentially self-adjoint on
where⊗ denotes the algebraic tensor product.
The scaled QED-Hamiltonian is defined by
where Λ > 0 denotes the scaling parameter. We are concerned with the asymptotic behavior of H(Λ) as Λ → ∞. The strategy is that we use the dressing transformation defined in (51), and take the scaling limit of the unitary transformed Hamiltonian. The following theorem is the main result in this paper.
Theorem 2.1 Assume (A.1)-(A.3). Then for z ∈ C\R
is the 3 × 3 matrix, and λ j,l (z) is a function defined in (42) .
By the general theorem ( [17] , Lemma 2.7) on resolvent convergence, we obtain the following corollary.
Corollary 2.2 Assume (A.1)-(A.3). Then
s − lim Λ→∞ e −itH(Λ) (I ⊗ P Ω rad ) = e −it H Dirac + e 2 8π H long − e 2 4 V eff ⊗ P Ω rad .(37)
Proof of Theorem 2.1
To prove the Theorem 2.1, we apply the abstract scaling limit considered in [1] . Let X and Y be Hilbert spaces. Let us set
Let A and B be non-negative self-adjoint operators on X and Y, respectively, and we assume ker B = {0}. Let P B : Y → ker B the orthogonal projection. We consider a family of symmetric operators {C(Λ)} Λ>0 satisfying the conditions :
, and there exists b(ε) ≥ 0 such that (ii) Let X = A ⊗ I + (I ⊗ P B )C(I ⊗ P B ). Then X is self-adjoint on D(A ⊗ I) and bounded from below, and essentially self-adjoint on any core of A ⊗ I.
Now let us consider H QED . Let
In a similar way to H ′ I , we can define the operator
By the canonical commutation relations of a r ( f ) and a * r ′ (g), we have
follows. By (20), we also see that
By (14) and (15), it is seen that
By (16), it is seen that
on the finite particle subspace, and we have
on D 0 . Let us define the unitary transformation U (t) by
Lemma 3.1 Assume (A.1) -(A.3). Then there exists
(Proof) Let us only prove (ii). Other cases can be proven in a similar manner to (ii). Let Ψ ∈ D 0 and Φ ∈ F QED . We set
By the strong differentiability of U (t)Ψ with respect to t, Taylor's theorem shows that there exists θ 2 (t) ∈ [−|t|, |t|] such that
By (45), we obtain (48), since Φ ∈ F QED is arbitrary.
By Lemma 3.1 we obtain the following corollary.
Corollary 3.2 Assume (A.1) -(A.3). Then it follows that
and
By Corollary 3.2, it follows that for z ∈ C\R,
In the following proposition, we will prove thatH 0 (Λ) and K(Λ) satisfy the condition (C.1) and (C.2) with applyingH 0 (Λ) to X 0 (Λ) and K(Λ) to C(Λ) .
Proposition 3.3 Assume (A.1) -(A.3).
(1) For ε > 0, there exists Λ(ε) ≥ 0 such that for all Λ > Λ(ε),
holds, where ν(ε) is a constant independent of Λ ≥ Λ(ε).
(2) For all z ∈ C\R, it follows that
To prove Proposition 3.3, let us prove Lemma 3.4 -Lemma 3.7.
Lemma 3.4 Assume (A.1)-(A.3). Then it follows that
where c j =
By the commutation relations (7) and (8), we have
Then by (12) and (13), we obtain (58). We also see that
where ψ
, it follows from (13) , that
Then, by (13), (3) and (61), we have (59).
Lemma 3.5 There exist a j
(Proof) (i) Let Ψ ∈ D 0 and Φ ∈ F QED . We see that
Note that [H Dirac , J j (x)] is a bounded operator by (58). Then, by the Schwarz inequality, we have
By (58), we have
Since I ⊗ Π j (x) and U (s) commute on D 0 for each x ∈ R 3 , we have by (43) that,
Then by (65), (66) and (64), we see that there exist a 1 ≥ 0 and b 1 ≥ 0 such that
Hence we have
(ii) Let Ψ ∈ D 0 and Φ ∈ F QED . Then we have
By the Schwarz inequality, we see that
By (59), (66) and (67), there exists a 2 ≥ 0 and b 2 > 0 such that
for Φ ∈ F QED . Then we have
It is seen that |λ j,l (z)| is uniformly bounded with respect to z, namely 
By the Schwarz inequality, 
We see that [J l (y), J j (x)] ≤ 2 J l (y) J j (x) , and hence, we have from (13) that
In a similar way to Lemma 3.1, it is seen that there exists τ(s) ∈ [−|s|, |s|] such that for Ψ ∈ D 0 U (s)
Let Ξ ∈ F QED . Then by the commutativity of I ⊗ Π j (x) and T , we have 
Then we obtain by (43) that
where γ k,l is defined in (68). Hence we obtain that
where 
Thus we have
Then the theorem follows.
